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Abstract: This paper develops a data-driven framework to infer confidential audience voting and to evaluate voting 

aggregation mechanisms in Dancing with the Stars under rule changes and structural bias.  We propose a two -stage inverse 

approach.  In Stage 1, a Bradley Terry style model is fitted to historical elimination sequences to estimate each contestants latent 

fan strength, forming a prior preference distribution. In Stage 2, we reconstruct weekly audience vote shares by solving a 

constrained inverse problem: among all vote allocations consistent with the show’ s elimination mechanism (including 

percentage-based elimination and the bottom-two variant), we select the distribution closest to the prior via convex quadratic 

programming (with discrete handling for bottom-two weeks). Uncertainty is quantified through posterior sampling. Across 34 

seasons, the reconstructed votes reproduce 77.0% of weekly eliminations, achieve a 0.953 Spearman correlation with final 

rankings, and match champions 58.8% of the time, indicating strong explanatory power despite unobserved votes. Using the 

inferred votes, we compare historical aggregation rules and find the percentage-based rule aligns substantially better with 

observed eliminations than the rank-based rule in their respective eras (78.6% vs.  56.0 weekly agreement), while avoiding 

excessive amplification of judge influence. We further quantify structural fan advantage related to celebrity background and 

propose a debiasing weight to correct audience shares. Building on this correction, we introduce a Fairness-Adjusted Hybrid 

Rule (FHR) that blends judge shares with debiased audience shares. FHR is designed as a forward -looking mechanism: it 

improves end-of-season technical ordering (finals rank correlation 0.325 vs. 0.271 under the base- line percentage rule) at the 

cost of lower week-by-week elimination consistency, and its debiasing strength can be tuned to match production priorities.  We 

recommend retaining the percentage-based rule as the default for stability and historical continuity, while piloting the FHR as an 

optional fairness overlay with transparent parameter tuning and periodic audits. 

Keywords: Two-stage inverse modeling, Bradley Terry model, constrained quadratic programming, voting rule comparison, 

structural bias, fairness-adjusted hybrid mechanism, uncertainty quantification. 

 

1. Introduction 

1.1. Problem Background 

Dancing with the Stars (DWTS) is a competitive dance 

show where celebrities partner with professional dancers.   

Each week, performances are evaluated by judges’ scores and 

audience votes, which together determine the elimination 

outcome. The actual audience vote counts are confidential, 

creating an inverse problem: inferring the hidden voting 

structure from publicly available judges’ scores and 

elimination results. Over its 34 seasons, the show has 

employed two primary vote aggregation methods—rank-

based(used in early and recent seasons) and percentage-based 

(used in middle seasons)—which have yielded different 

outcomes for controversial contestants like Jerry Rice and 

Bristol Palin [1-3]. 

This study addresses the challenge through a two-stage 

modeling framework: first estimating the latent “fan strength” 

from elimination sequences, then reconstructing the weekly 

audience vote shares under the explicit rules of the show.  

This approach provides a foundation for systematically 

comparing voting methods, analyzing structural biases, and 

designing fairer competition formats. 

1.2. Restatement of the Problem 

We decompose the problem into four coherent tasks:  

(1) Audience Voting Estimation: Develop a mathematical 

model to estimate the weekly audience vote shares using only 

judges’ scores and elimination data. Provide consistency 

metrics and quantify estimation uncertainty. 

(2) Rule Comparison and Analysis: Using the estimated 

votes, compare the rank- based and percentage-based 

aggregation methods across all seasons. Evaluate which 

method better aligns with historical outcomes and analyze its 

impact on controversial contestants. 

(3) Modeling Influencing Factors: Analyze how 

professional dancers and celebrity characteristics (e.g., age, 

industry) affect competition results, distinguishing between 

the preferences of judges and audiences. 

(4) Designing a Fair System: Propose a new vote 

aggregation scheme that balances fairness and entertainment 

value, supported by quantitative analysis from the preceding 

tasks, to provide actionable recommendations for the show’s 

producers. 

2. Assumptions and Explanations 

Considering the modeling framework of audience voting 
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estimation and rule comparison, we formalize the following 

assumptions to ensure mathematical tractability and 

interpretability. 

Assumption 1: We assume that the estimated audience vote 

shares form a probability distribution for each week. 

Explanation: This normalization constraint ensures that the 

reconstructed audience votes are mathematically consistent 

and can be interpreted as proportions of the total vote. 

Specifcally, for each week 𝑤  in season 𝑠 , we require 
∑ 𝑣𝑖 ,𝑠,𝑤𝑖∈𝒜𝓈,𝓌

= 1   and 𝑣𝑖 ,𝑠,𝑤 ≥ 0  for all active contestants 

𝑖 ∈ 𝒜 𝓈,𝓌. 

Assumption 2: We assume that under the percentage 

elimination rule, the eliminated contestant has the lowest 

combined score. 

Explanation: This constraint enforces the show’s stated 

elimination mechanism. The combined score 𝐶𝑖,𝑠,𝑤 = 𝐽𝑖,𝑠,𝑤 +

𝑣𝑖 ,𝑠,𝑤  is computed for each contestant, and the contestant with 

the smallest combined score is eliminated. To ensure strict 

inequality, we add a small positive constant: 𝐶𝑒𝑠,𝑤,𝑠,𝑤 + ε ≤

𝐶{𝑗,𝑠,𝑤 for all 𝑗 ≠ 𝑒𝑠,𝑤 [2, 3]. 

Assumption 3: We assume that under the bottom-two rule, 

the eliminated contestant must be among the two contestants 

with the lowest combined scores. Explanation: This constraint 

models the modified elimination mechanism introduced in 

later seasons. Instead of requiring the eliminated contestant to 

have the absolute lowest score, we only require that they are 

in the bottom two. Mathematically, we enforce 𝐶𝑒𝑠,𝑤,𝑠,𝑤 ≤

𝐶𝑗,𝑠,𝑤 +  𝜏  for at most two contestants, where 𝜏  is a slack 

variable determined during optimization [3]. 

Assumption 4: We assume that the reconstructed voting 

shares should be as close as possible to the prior voting shares 

implied by fan strength. 

Explanation: This objective function ensures that our 

reconstructed votes remain faithful to the underlying fan 

popularity estimated from elimination patterns. We minimize 

the Euclidean distance between the estimated vote vector 𝑣𝑠,𝑤  

and the prior vote vector 𝑝𝑠 ,𝑤: min‖𝑣𝑠 ,𝑤 − 𝑝𝑠,𝑤 ‖
2

2
. 

Assumption 5: We assume that the fan-strength parameters 

require a reference con- straint for identifiability. 

Explanation: The fan-strength model is invariant to 

translation (adding a constant to all λ𝑖

(𝑠)
  yields the same 

probabilities). To remove this indeterminacy, we fix one 

contestant’s fan strength to zero (e.g., λ𝑖0

(𝑠)
= 0 ) or 

equivalently require the sum of fan strengths to be zero  

(∑ λ𝑖

(𝑠)

𝑖 = 0). 

Assumption 6: We assume that structural advantages in 

audience voting can be mitigated through fairness 

reweighting. 

Explanation: To address systematic biases due to 

contestants’ preexisting popularity or background, we apply a 

fairness weight 𝑤fair ,𝑖 to each contestant’s raw vote estimate. 

The debiased vote share is computed as 𝑣𝑖 ,𝑠,𝑤̃ = 𝑤fair ,𝑖 ⋅ 𝑣𝑖,𝑠,𝑤 

where 𝑤fair,𝑖  is derived from the estimated structural 

advantage Adv𝑖 ,𝑠. 

3. Notations 

Some important mathematical notations used in this paper 

are listed in Table 4. 

 

 

Table 1. Notations used in this paper 

Symbol Description Units 

𝑠 Season index – 

𝑤 Week index within a season – 

𝑖 , 𝑗 Contestant indices – 

𝒜𝓈,𝓌 Active contestant set in season 𝑠, week 𝑤 – 

𝑒𝑠,𝑤 Historically eliminated contestant – 

λ𝑖
(𝑠)

 
Fan-strength parameter of contestant 𝑖 in 

season 𝑠 
– 

λ̂ MLE estimate of fan-strength parameters – 

𝑝𝑖,𝑠,𝑤 Prior vote share implied by fan strength % 

𝑣𝑖,𝑠,𝑤 
Estimated audience vote share (decision 

variable) 
% 

𝑦𝑖,𝑠,𝑤 Audience vote count votes 

𝐽𝑖,𝑠,𝑤 Normalized judges’ score share % 

𝐶𝑖,𝑠,𝑤 Combined weekly score (judge + audience) % 

α Weight of judges’ score in aggregation rule – 

ε 
Small positive constant enforcing strict 

inequality 
– 

𝑣𝑠,𝑤 
Vector of vote shares for all contestants in 

week 𝑤 
– 

𝑝𝑠,𝑤 Vector of prior vote shares – 

𝐸1 Weekly elimination agreement rate % 

𝐸2 Final-ranking Spearman correlation – 

𝐸3 Champion agreement rate % 

𝐵 Number of Monte Carlo samples – 

𝑣̅ Monte Carlo mean of vote share % 

sd(𝑣) Monte Carlo standard deviation % 

CV(𝑣) Coefficient of variation – 

ρ𝑠 Season-level Spearman correlation – 

FLI Fan Leverage Index – 

PVAI Professional Value-Added Index 
week

s 

SA Structural fan advantage – 

𝑤fair Fairness reweighting factor – 

FHR Fairness-Adjusted Hybrid Rule score % 

4. Audience Voting Estimation Model: 
Fan Strength-Rule Projection 
Inversion Method 

4.1. Fan Strength Prior Model 

4.1.1. Strength Estimation from Elimination Results 

Following the Bradley–Terry (BT) spirit [4], we model 

"who gets eliminated" in week 𝑤 as a multinomial choice 

over the active set 𝐴𝑠,𝑤. Specifically, for season 𝑠 we assign 

each contestant 𝑖 a latent fan-strength parameter λ𝑖

(𝑠)
 (larger 

means more popular). Conditional on the active set 𝐴𝑠,𝑤 the 

eliminated contestant 𝑒𝑠,𝑤  is assumed to follow a softmax 

form: 

𝑃𝑟(𝑒𝑠,𝑤 = 𝑖|𝐴𝑠,𝑤) =
𝑒𝑥𝑝 (−λ𝑖

(𝑠)
)

Σ𝑗∈𝐴𝑠,𝑤
𝑒𝑥𝑝 (−λ

𝑗

(𝑠)
)
 

For each season 𝑠 , the log-likelihood over the observed 

elimination sequence is 

ℓ(λ
(𝑠) ) = Σ𝑤=1

𝑊𝑠 𝑙𝑜𝑔𝑃𝑟 (𝑒𝑠,𝑤 |𝐴𝑠,𝑤)

= Σ𝑤=1
𝑊𝑠 [−λ𝑒𝑠,𝑤

(𝑠)
− 𝑙𝑜𝑔Σ𝑗∈𝐴𝑠,𝑤

𝑒𝑥𝑝(−λ𝑗

(𝑠)
)] 

To ensure identifiability, we impose a reference constraint 

(e.g., λ𝑖0

(𝑠)
= 0 for a chosen reference contestant i0 in season 
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s, or equivalently Σ𝑖λ𝑖

(𝑠)
= 0). 

4.1.2. Conversion to Prior Voting Shares 

The estimated fan strengths are then converted into prior 

voting shares for each week. For contestant 𝑖 ∈ 𝒜 𝓈,𝓌   in 

week 𝑤 of season 𝑠, we define 

π𝑖 ,𝑤

(𝑠)
=

exp(λ𝑖

(𝑠)
)

∑ exp (λ
𝑗

(𝑠)
)𝑗∈𝒜𝓈,𝓌

 

We interpret π𝑖,𝑤

(𝑠)
  as a baseline popularity prior (a 

regularization target) implied by the elimination sequence, 

rather than an observed ground-truth vote share. It captures a 

season-level tendency of audience support and will be 

adjusted in the next step to satisfy the show’s scoring rules. 

4.2. Rule-Consistent Voting Inversion Model 

4.2.1. Variable Definitions 

For week 𝑤 of season 𝑠, for each contestant 𝑖 we define: 

Audience vote count: 𝑉𝑖  

Audience vote share:  

𝑣𝑖 =
𝑉𝑖

∑ 𝑉𝑗𝑗

 

Total judges’ score: 𝐽𝑖,  normalised to a percentage scale. 

4.2.2. Combined Score and Elimination Rule 

To match the show’s percentage-based aggregation, we set 

the weekly combined score to  

𝐶𝑖 = 𝐽𝑖,𝑠,𝑤 + 𝑣𝑖 ,𝑠,𝑤 

Where both 𝐽 and 𝑣 are normalized shares that sum to 1 

over the active set. We keep α only for optional sensitivity 

analysis and report results under the default equal- weight 

setting. 

4.2.3. Constraint Construction 

(1) Percentage-elimination constraint 

For weeks that use the pure percentage rule, the actually 

eliminated contestant e must have the lowest combined score 

within the active set 𝒜 𝓈,𝓌:  

𝐶𝑒 ≤ 𝐶𝑗 − ε, ∀𝑗 ∈ 𝒜 𝓈,𝓌 ,  𝑗 ≠ 𝑒 

Where ε  is a small positive constant (e.g. 0.001 ) 

enforcing strict inequality. 

(2) Bottom-two constraint (from Season 28 onwards) 

For weeks that use the “bottom-two” mechanism, we only 

require the eliminated contestant 𝑒  to belong to the two 

lowest combined scores. This is imposed by  

|{𝑗 ∈ 𝒜 𝓈,𝓌: 𝐶𝑗 ≤ 𝐶𝑒 + 𝑀}| ≤ 2 

Where 𝑀 is a slack threshold determined endogenously in 

the optimisation, so that at most two contestants (including 𝑒) 

can lie in the lowest-scoring band. 

4.2.4. Optimization Problem 

Among all voting schemes satisfying the rule constraints, 

we select the one closest to the fan prior:  

min
𝑣

∑ (𝑣𝑖 − π𝑖
)2

𝑖∈𝒜𝓈,𝓌

 

Subject to constraints:  

∑ 𝑣𝑖

𝑖

= 1, 𝑣𝑖 ≥ 0 

The objective is strictly convex and the percentage-

elimination constraints are linear. Therefore, for weeks 

governed by the pure percentage rule, each season/week 

subproblem can be solved as a standard convex quadratic 

program [5] (QP). For weeks with the “bottom-two” 

mechanism, enforcing “membership in the bottom two” 

involves an order-based condition. In practice, we handle this 

rule-consistency requirement either by (i) introducing 

auxiliary discrete selection logic (leading to an MIQP 

formulation) [6], or (ii) using an equivalent small-case 

enumeration that reduces the condition to a finite number of 

QP solves and selecting a feasible solution consistent with the 

mechanism. In all cases, the obtained 𝑣  represents the 

voting-share estimate that stays as close as possible to the fan 

prior while remaining consistent with the show's elimination 

rule. 

4.3. Consistency Metrics 

Through construction, the estimated voting shares are 

guaranteed to satisfy the rule constraints in a feasibility sense. 

However, feasibility alone does not imply that the 

reconstructed votes fully explain the historical process. To 

quantitatively evaluate how well the estimated votes 

reproduce actual competition outcomes, we replay each 

season using the estimated shares and the official aggregation 

rules, and define the following consistency metrics:  

(1) Weekly Elimination Consistency Rate:  

𝐸1 =
Number of correctly simulated elimination weeks

Total elimination weeks
 

This measures the proportion of elimination weeks in 

which the simulated eliminated contestant coincides with the 

historical elimination. Values closer to 1 indicate better week-

by-week explanatory power. 

(2) Finalist Set Consistency Rate: 

For each season, we measure how well the simulated final-

stage ordering matches the actual final placements by 

computing the Spearman rank correlation between the 

simulated final ranking and the historical final ranking. Let 

ρ𝑠  denote the Spearman correlation coefficient for that 

season, and define the season-level ranking consistency 

accordingly [7].  

𝐸2 =
1

𝑆
∑ 1 [Finalistsim

(𝑠)
= Finalistreal

(𝑠)
]

𝑆

𝑠=1

 

(3) Champion Consistency Rate: 

For each season, we record whether the simulated 

champion matches the actual champion.  The champion 

consistency rate is defined as the proportion of seasons in 

which the simulated champion equals the historical champion.  

𝐸3 =
1

𝑆
∑ 1[Champion

sim

(𝑠)
= Champion

real

(𝑠)
]

𝑆

𝑠=1

 

Summary table: 

 

Table 2. Consistency metrics for the reconstructed voting shares 

Metric Value 

𝐸1 (Weekly Elimination Consistency) 0.770 

𝐸2 (Finalist Ranking Correlation) 0.953 

𝐸3 (Champion Consistency) 0.588 
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Across the 34 historical seasons, the weekly elimination 

consistency rate (E1) indicates that our reconstructed vote 

shares reproduce the actual eliminated contestant in about 77% 

of elimination weeks. The final ranking correlation [7] (E2) 

being close to 1 suggests that the simulated end-of-season 

ordering is highly consistent with historical final placements. 

The champion consistency rate (E3) is lower because the 

champion outcome is the most sensitive to small perturbations 

and unmodeled factors; nevertheless, correctly identifying the 

champion in a substantial fraction of seasons provides a 

credible basis for rule comparison in subsequent tasks. 

4.4. Uncertainty Quantification 

4.4.1. Posterior Sampling Method 

Uncertainty in the model mainly comes from estimation 

errors in fan strength λ and the size of feasible voting space 

under rule constraints. Fewer constraints lead to more feasible 

solutions and greater uncertainty. 

We quantify uncertainty using a Laplace (asymptotic 

normal) approximation around the maximum likelihood 

estimate (MLE). Under standard regularity conditions, the 

MLE of the fan-strength parameters is approximately 

normally distributed with covariance given by the inverse 

observed information (i.e., the Hessian of the negative log-

likelihood at the MLE) [8, 9].  

𝜆|data ≈ 𝒩(𝜆, 𝚺) 

With 

Σ = (−∇2ℓ(λ(𝑠)̂ ))
−1

 

We draw 𝐵 samples of 𝜆, and for each sample re-solve the 

rule-consistent optimization to obtain vote-share estimates  

{(𝑣)(𝑏)
}𝑏=1

𝐵  

For each contestant-week, we summarize uncertainty using 

Monte Carlo [10] estimates such as the sample mean, 

dispersion, and relative variability:  

(1) posterior/Monte-Carlo mean: 𝑣̅ = (1/B) ∑ 𝑣(𝑏)̂
𝑏 ; 

(2) coefficient of variation: CV𝑖 =
√Var(𝑣𝑖 )

𝑣𝑖̅
. 

4.4.2. Uncertainty Metrics 

For each contestant-week, calculate: 

(1) Posterior mean:  

𝑣𝑖̅ =
1

𝐵
∑ 𝑣𝑖

(𝑏)̂
𝐵

𝑏=1

 

(2) Variance and confidence interval:  

Var(𝑣𝑖
) =

1

𝐵 − 1
∑ (𝑣𝑖

(𝑏)̂
− 𝑣𝑖̅ )

2
𝐵

𝑏=1

 

95% Confidence Interval:  

CI95% = [𝑣𝑖̅ − 1.96√Var(𝑣𝑖
),  𝑣𝑖̅ + 1.96√Var(𝑣𝑖

)] 

(3) Coefficient of variation:  

CV𝑖 =
√Var(𝑣𝑖

)

𝑣𝑖̅

 

4.4.3. Uncertainty Visualization 

Based on the above, we can systematically compare 

certainty differences across different contestants and weeks:  

 

Figure 1. Season 10 Audience Voting Share and Uncertainty Example 
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To intuitively display the overall structure of reconstructed 

audience votes and their uncertainty, we select Season 10 as a 

representative example. Figure 1 shows the estimated voting 

shares for each contestant in each week of that season and the 

coefficient of variation (CV) obtained from posterior 

sampling. 

(a) Heatmap of estimated voting shares for each contestant 

in each week.   Rows correspond to contestants, sorted by 

final placement; top three marked with "⋆"; white X marks 

indicate the week the contestant actually departed. 

(b) Heatmap of corresponding voting share coefficient of 

variation (CV), calculated from posterior samples. Brighter 

colors indicate higher uncertainty; darker colors indicate 

more stable estimates. 

From Figure 1(a), we can see that the top three contestants 

maintained significantly higher voting shares than other 

contestants throughout the season, and their actual 

elimination weeks (white X marks) occurred while support 

rates were still relatively high, indicating the model can 

reconstruct audience voting consistent with final results. 

Figure 1(b) shows that uncertainty varies significantly across 

contestants and weeks: cells corresponding to earlier rounds 

and mid-tier contestants are brighter, indicating multiple 

voting configurations could explain observed eliminations at 

these positions; while cells for finals stages and top three 

contestants are generally darker, indicating their vote 

estimates are strongly constrained by data and more stable. 

Overall, this demonstrates that our confidence in 

reconstructed voting is stratified and varies systematically 

with contestant and week, directly answering the question of 

“uncertainty magnitude and its variability.” 

 Therefore, this model not only provides audience voting 

estimates 𝑣  for each contestant each week, but also 

quantifies our certainty about these estimates in the form of 

standard deviation, confidence intervals, and coefficient of 

variation, explicitly revealing how this certainty varies 

systematically with contestant and week. 

5. Rule Comparison and Analysis of 
Controversial Cases 

5.1. Cross-Season Rule Comparison 

5.1.1. Rule Definition and Simulation Procedure 

Let 𝐴𝑠,𝑤 denote the set of contestants still remaining in 

season 𝑠 during week 𝑤. For any remaining contestant 𝑖 ∈
𝐴𝑠,𝑤, we have the judges’ score share 𝑞𝑖,𝑠,𝑤 and the estimated 

audience vote share 𝑝̂𝑖 ,𝑠,𝑤. Based on this, we define the two 

aggregation rules: 

• Percentage Allocation Rule (percentage rule):  

𝑇𝑖 ,𝑠,𝑤

(pct)
= 𝑞𝑖,𝑠,𝑤 + 𝑝̂𝑖 ,𝑠,𝑤, 𝑖 ∈ 𝐴𝑠,𝑤 

Where the contestant with the smallest aggregate score 

𝑇𝑖 ,𝑠,𝑤

(pct)
 is eliminated.  

• Rank-Based Rule (rank rule):  

𝑟𝑖 ,𝑠,𝑤
𝐽

= rank(−𝑞𝑖,𝑠,𝑤),  𝑟𝑖 ,𝑠,𝑤
𝐹 rank = (−𝑝̂𝑖 ,𝑠,𝑤 ) 

And let  

𝑅𝑖 ,𝑠,𝑤

(rank)
= 𝑟𝑖 ,𝑠,𝑤

𝐽
+ 𝑟𝑖 ,𝑠,𝑤

𝐹 ,  𝑖 ∈ 𝐴𝑠,𝑤 

Where the contestant with the largest combined rank 

𝑅𝑖 ,𝑠,𝑤

(rank)
 is eliminated. 

Under a given rule, we simulate each season starting from 

the first week. For the current week, we compute the 

aggregate scores (or ranks) based on {𝑞𝑖,𝑠,𝑤, 𝑝̂𝑖 ,𝑠,𝑤}, eliminate 

the weakest contestant, and update the set of remaining 

contestants, continuing this process until the finale. We 

conduct simulations for each season using both rules, 

obtaining two parallel historical elimination sequences 

{𝑒𝑠,𝑤

(rank)̃
}  and {𝑒𝑠,𝑤

(pct)̃
}  along with their corresponding 

simulated final placements [3]. 

5.1.2. Consistency Metrics 

Three types of consistency metrics are defined to compare 

the simulation results against the historical outcomes:  

• Weekly Elimination Agreement Rate 𝐸1: The proportion 

of weeks in which the simulated eliminated contestant 

matches the actual eliminated contestant. 

• Final Ranking Correlation 𝐸2  : The Spearman rank 

correlation coefficient be- tween the simulated final rankings 

and the actual final placements. 

• Champion Agreement Rate 𝐸3 : The proportion of seasons 

in which the simulated champion matches the actual 

champion. 

For each season, these metrics are calculated, and their 

averages across all seasons are obtained, yielding 𝐸1
̅̅ ̅(rule), 

𝐸2
̅̅ ̅(rule), 𝐸3

̅̅ ̅ (rule). Furthermore, the divergence rate between 

the two rules is defined as:  

𝐷 =
{(𝑠, 𝑤): 𝑒𝑠,𝑤

(rank)̃
≠ 𝑒𝑠,𝑤

(pct)
}

̃

{(𝑠, 𝑤):  week (𝑠, 𝑤) has an elimination}
 

The results are shown in Table 1. 

 

Table 3. Consistency Metrics and Divergence Rate for the Two 

Rules 

rule E1 E2 E3 D 

percentage 0.786 0.271 0.441 0.407 

rank 0.560 -0.790 0.324 0.407 

 

As can be seen from Table 3, the percentage rule 

significantly outperforms the rank rule across all three 

consistency metrics. The two rules diverge in their 

elimination choice in approximately 40.7% of the elimination 

weeks. 

5.1.3. Fan Leverage Index (FLI) 

To quantify the degree to which a rule relies on fan voting, 

we introduce the Fan Leverage Index (FLI). For each season 

𝑠, week 𝑢, and participating contestant 𝑖, we have: 

• Judge rank 𝑟𝑖 ,𝑠,𝑤
𝐽

, 

• Fan rank 𝑟𝑖 ,𝑠,𝑤
𝐹 , 

• Uncertainty of the audience vote estimate CV𝑖 ,𝑠,𝑤. 

Define the weight:  

𝑤𝑖 ,𝑠,𝑤 =
1

1 + CV𝑖 ,𝑠,𝑤
2  

And fit a weighted linear regression model for each season 

under each rule:  

𝑟𝑖 ,𝑠,𝑤

(rule)
= α𝑠

(rule)
+ β𝑠

(rule)
𝑟𝑖,𝑠,𝑤

𝐹 + γ𝑠

(rule)
𝑟𝑖,𝑠,𝑤

𝐽
+ ε𝑖 ,𝑠,𝑤  

Where 𝑟𝑖 ,𝑠,𝑤

(rule)
 is the composite rank under the rule. The Fan 

Leverage Index for that season and rule is defined as:  

FLI𝑠
(rule)

=
β𝑠

(rule)

β𝑠

(rule)
+ γ𝑠

(rule) 
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Here, FLI ≈ 1 indicates that the composite ranking almost 

entirely follows the fan rank, FLI ≈ 0 indicates that it almost 

entirely follows the judge rank, FLI ≈ 0.5 suggests an equal 

influence of both. 

 

Figure 2. Distribution of FLI Across Seasons 

The results show that the FLI for the percentage rule mostly 

falls within the range of 0.45 ~ 0.55 across seasons, while the 

FLI for the rank rule remains consistently around 0.5. Overall, 

the percentage rule tends to keep a more balanced and stable 

mix of judge and fan influence across seasons, whereas the 

rank rule exhibits a more rigid weighting pattern with less 

season-to-season variation. 

5.1.4. Sensitivity Analysis 

To test the robustness of our conclusions against potential 

errors in the estimated audience votes, we conducted a Monte 

Carlo simulation [10] with M = 1000 iterations. In each 

simulation, the audience vote shares were randomly perturbed 

within the range of 𝑝̂𝑖 ,𝑠,𝑤 ± CV𝑖 ,𝑠,𝑤  and all metrics were 

recalculated. The results indicate: 

(1) The percentage rule remains significantly superior to 

the rank rule across 𝐸1, 𝐸2  and 𝐸3  (see Table 4); 

(2) The fluctuation in FLI values is less than ±0.03;  

(3) The distribution of elimination weeks for controversial 

contestants is concentrated (e.g., Jerry Rice was eliminated 

between weeks 6 and 7 in 95% of the simulations). 

 

Table 4. Simulated Distribution of Consistency Metrics (Mean ± 

Standard Deviation) 

rule E1 E2 E3 

percentage 0.785 ± 0.012 
0.269 
± 0.018 

0.439 
± 0.024 

rank 0.558 ± 0.015 
−0.788 
± 0.021 

0.324 
± 0.006 

5.2. Controversial Contestants and the 

Bottom-Two Mechanism 

5.2.1. Controversy Index 

A “Controversy Index” is defined as:  

𝐷𝑖 ,𝑠,𝑤 = 𝑤𝑠,𝑤(𝑟𝑖 ,𝑠,𝑤
𝐽

− 𝑟𝑖 ,𝑠,𝑤
𝐹 ) 

Where 𝑤𝑠,𝑤 = 1/|𝐴𝑠,𝑤|  is a weighting factor that 

emphasizes weeks with fewer remaining contestants and 

higher elimination risk. 𝐷𝑖 ,𝑠,𝑤 > 0  indicates that the judge 

rank is worse (i.e., numerically higher) than the fan rank 

(judges disapprove while fans support). The cumulative index 

for the entire season is:  

𝐷𝑖 ,𝑠
cum = ∑ 𝐷𝑖 ,𝑠,𝑤

𝑤

 

The calculated results for the four controversial contestants 

specified in the problem are presented in Table 5. 

 

Table 5. Cumulative Controversy Index for Controversial 

Contestants 

Season Contestant 𝐷𝑖,𝑠
cum 

2 Jerry Rice −2.500 

4 Billy Ray Cyrus −0.727 

11 Bristol Palin −3.333 

27 Bobby Bones −1.923 
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Figure 3. Visualization of Controversy Index (optional) 

The negative values indicate that throughout their 

participation, these contestants consistently received better 

fan ranks than judge ranks, with Bristol Palin and Bobby 

Bones exhibiting the largest discrepancies. 

5.2.2. Counterfactual Simulation 

In the seasons featuring controversial contestants, we 

simulated three scenarios: 

(1) The percentage rule (pct); 

(2) The rank rule (rank); 

(3) The percentage rule combined with the bottom-two 

mechanism (pct+BT). Under this mechanism, the judges 

eliminate the contestant with the worse judge rank from the 

bottom two contestants determined by the combined ranking 

[3]. 

The simulation results are shown in Table 6. 

 

Table 6. Comparison of Results for Controversial Contestants 

Season Contestant pct outcome rank outcome pct+BT outcome 

2 Jerry Rice Eliminated W7 (rank 4) Eliminated W3 (rank 8) Eliminated W7 (rank 4) 

4 Billy Ray Cyrus Eliminated W8 (rank 4) Eliminated W1 (rank 11) Eliminated W8 (rank 4) 

11 Bristol Palin Eliminated W7 (rank 6) Eliminated W3 (rank 10) Champion (rank 1) 

27 Bobby Bones Eliminated W5 (rank 9) Eliminated W2 (rank 12) Eliminated W5 (rank 9) 

 

 

Figure 4. Counterfactual Simulation Results Visualization 

The results indicate that: 

• Under the percentage rule, all controversial contestants 

survived until the mid- to-late stages of the competition. 

• Under the rank rule, they were all eliminated early. 

• The bottom-two mechanism had little impact on most 

contestants, but could potentially amplify fan preference due 

to judge intervention (e.g., Bristol Palin winning the 

championship). 

5.3. Rule Recommendation and Mechanism 

Design 

Based on the above analysis, we propose the following 

recommendations: 

(1) Adopt the Percentage Allocation Rule as the primary 

aggregation method. It demonstrates significant superiority 
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over the Rank Rule in reproducing historical outcomes (with 

𝐸1
̅̅ ̅ = 0.786  vs 0.560 ), while maintaining a balanced 

influence between judges and fans, as evidenced by its Fan 

Leverage Index remaining around 0.5. 

(2) Design the Bottom-Two Mechanism as a "Safety Valve". 

This mechanism should be activated only when there is a 

significant discrepancy between judge and audience rankings 

(e.g., |𝑟𝐽 − 𝑟𝐹 | > 2) and the contestant is at immediate risk 

of elimination (e.g., ranked in the bottom two based on the 

combined score).  In such cases, judges would decide whom 

to eliminate from the bottom two.  This approach can reduce 

the probability of extreme controversial outcomes without 

excessively diminishing the audience’s sense of participation. 

(3) Conduct Regular Assessments of Rule Fairness. We 

recommend reviewing the Fan Leverage Index (FLI) and the 

Controversy Index every 3–5 seasons to ensure the rules 

continue to maintain an appropriate balance between judges’ 

expertise and audience engagement. 

In summary, the Percentage Allocation Rule demonstrates 

superior performance in terms of historical consistency, 

balanced fan influence, and robustness against estimation 

errors. Therefore, it constitutes a more preferable voting 

aggregation scheme for future seasons. 

6. The Influence Mechanism of 
Professional Dancers and Celebrity 
Characteristics 

6.1. Season-Level Performance Metrics and 

Covariates 

For each couple i in season s, we compress the weekly 

results from Task 1 into season-level performance metrics: 

Average Judge Proportion:  

𝑞𝑖,𝑠̅̅ ̅̅ = ∑ ω𝑖,𝑠,𝑤

𝑤∈𝒲𝒾 ,𝓈

⋅ 𝑞𝑖,𝑠,𝑤  

Average Audience Proportion:  

𝑝𝑖 ,𝑠̅̅ ̅̅ = ∑ ω𝑖,𝑠,𝑤

𝑤∈𝒲𝒾 ,𝓈

⋅ 𝑝𝑖 ,𝑠,𝑤̂ 

Where 𝒲𝒾 ,𝓈  is the set of weeks in which the couple 

actually performed, and ω𝑖 ,𝑠,𝑤  represents the normalized 

weights over these weeks (this paper uses equal weights; 

numerical results are not sensitive to the weight form). 

Furthermore, we use two final-outcome variables to 

characterize overall performance: 

• Survival Weeks 𝐿𝑖 ,𝑠: The number of weeks from debut to 

elimination (or finals); 

• Normalized Rank 𝑅𝑖 ,𝑠: Champion is recorded as 1, with 

higher values for lower placements. 

Regarding covariates, we construct from the raw data:  

• Celebrity age (standardized across the full sample), 

gender indicator variable; 

• Industry category dummy variables (Athlete, Actor/Host, 

Singer, Reality TV/ Influencer, Other); 

• Partner professional dancer ID (pro ID), and season ID. 

These variables collectively characterize the “initial 

characteristics” when contestants enter the competition: their 

physical condition and fan base, and whether they are paired 

with a professional dancer. 

6.2. The “Value-Added” Effect of Pro Dancers 

To isolate the contribution of the professional dancer from 

the inherent characteristics of the celebrity, we borrow the 

value-added framework from educational assessment and 

model survival weeks as a linear mixed model with multi -

level random effects [11, 12]:  

𝐿𝑖,𝑠 = α𝐿 + 𝑥 𝑖,𝑠
⊤ β𝐿 + 𝑢

𝑑(𝑖,𝑠)

(pro)
+ 𝑢𝑠

(season)
+ ε𝑖,𝑠

(𝐿)
 

Where 𝑥 𝑖,𝑠 aggregates age, gender, and industry dummy 

variables, 𝑑(𝑖, 𝑠)  denotes the partner’s professional dancer 

ID, 𝑢𝑑

(pro)
  is the random effect for that pro, and 𝑢𝑠

(season)
 

absorbs overall season difficulty and rule adjustment 

differences. A parallel model can be established for final rank 

𝑅𝑖 ,𝑠 as a robustness check. 

Under this framework, we define the Pro Value-Added 

Index (PVAI):  

PVAI𝑑 ≔ 𝑢𝑑

(pro)
 

This represents the additional survival weeks on average 

when partnered with this pro, after controlling for celebrity 

age, industry, and season differences. A pro with PVAI𝑑 > 0 

systematically advances their partners further, while 

PVAI𝑑 < 0 indicates the pro has a negative impact on partner 

longevity. 

Furthermore, to distinguish between “technique-focused” 

and “audience-driven” (or “appeal-driven”) professional 

dancers, we fit two separate logit mixed models for the 

average judge proportion and average audience proportion 

from Task 1 [11]:  

logit(𝑞𝑖,𝑠̅̅ ̅̅ ) = α𝐽 + 𝑥 𝑖,𝑠
⊤ β𝐽 + 𝑣

𝑑 (𝑖,𝑠)

(pro)
+ 𝑣𝑠

(season)
+ ε𝑖,𝑠

(𝐽)
 

logit(𝑝𝑖,𝑠̅̅ ̅̅ ) = α𝐹 + 𝑥 𝑖,𝑠
⊤ β𝐹 + 𝑤

𝑑(𝑖,𝑠)

(pro)
+ 𝑤𝑠

(season)
+ ε𝑖 ,𝑠

(𝐹)
 

By comparing the same pro’s 𝑣𝑑

(pro)
  and 𝑤𝑑

(pro)
 , we can 

identify three typical profiles: 

• Both 𝑣𝑑  and 𝑤𝑑  positive: Can impress both judges and 

mobilize audiences—the typical “dual-high type” 

(comprehensive advantage type); 

• Large 𝑣𝑑   but 𝑤𝑑   near 0: Technique-focused “judge-

oriented” (technique-driven type) pro; 

• Large 𝑤𝑑   but average 𝑣𝑑  : Better at creating high-

attention performances through public image and 

choreography— “fan-oriented” (appeal-driven type) pro. 

After controlling for celebrity age, industry, gender, and 

season effects, we obtain three sets of value-added metrics for 

each professional dancer: value-added to survival weeks 𝑢𝑗, 

value-added to judge scores, and value-added to audience 

votes. Figure 5.1 projects this information onto a 

“Professional Dancer Value-Added Map”: the horizontal axis 

represents standardized effect on judge scores, the vertical 

axis represents standardized effect on audience votes, bubble 

size indicates the number of seasons the pro appeared, and 

color represents standardized effect on survival weeks. 
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Figure 5. Professional Dancer Value-Added Map 

From the figure, we can see that most professional dancers 

cluster near the origin, indicating limited additional value-

added after controlling for celebrity characteristics; a few pros 

in the upper-right quadrant (such as XXX, YYY) 

simultaneously and significantly improve both judge scores 

and audience votes, representing the typical “comprehensive 

advantage type”; pros in the lower-right and upper-left 

quadrants respectively exhibit “technique-oriented” and 

“appeal-driven” preference structures.  After identifying 

different types of professional dancers, we further examine 

how celebrities’ own age and industry categories 

systematically affect survival, judge scores, and audience 

votes. 

6.3. Differential Effects of Celebrity 

Characteristics on Judges and Audiences 

In the above mixed models, β𝐽   and β𝐹   respectively 

provide the systematic effects of covariates on judges and 

audiences.  Our concern is not the traditional question of 

“whether coefficients are significant,” but rather whether the 

two have the same sign and magnitude. 

We present the two sets of coefficients for main covariates 

side by side in the same table, clearly showing which 

characteristics produce “consensus effects” (same-direction 

influence) between judges and audiences, and which produce 

“divergence effects” (opposite-direction influence). 

Especially those industries and groups where β𝐽  is negative 

but β𝐹  is positive correspond exactly to the typical profile of 

high-controversy contestants mentioned earlier—judges do 

not approve, but audiences are willing to continue voting in 

support. 

Table 5.1 summarizes the estimated coefficients and 95% 

confidence intervals for main covariates across the three 

models. For ease of comparison, we group covariates by 

“industry dummy variables” and “continuous variables (age).”  

From Table 7, we can observe: 

 

Table 7. Covariate Effects Across Three Models 

 
 

(1) Athletes show positive effects on survival weeks and 

judge scores relative to the baseline industry, while the effect 

on audience votes is close to zero, indicating that 

“professionalism” mainly gains judge approval;  

(2) Film/TV/Host celebrities have slightly negative 

coefficients on the judge side but clearly positive on the 

audience side, reflecting that the image of “strong stage 

presence but unstable technique” more easily attracts 

audiences; 

(3) Age has basically consistent negative direction across 

all three models, but the absolute value is smaller in the 

audience model, indicating audiences are more tolerant of 

age-related technical disadvantages. 

To more intuitively compare the influence strength and 

direction of each covariate across the three outcome types, 

Figure 5.2 plots the coefficients and 95% confidence intervals 

from Table 5.1 as a triple panel: left, middle, and right panels 

correspond to survival weeks, judge score proportion, and 

audience vote proportion respectively, with color reflecting 

standardized effect size. One can see at a glance which 

characteristics exhibit “consensus effects” on both judge and 

audience sides, and which show “judges don’t buy it but 

audiences favor it” divergence effects. 
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Figure 6. Covariate Effects Comparison (Triple Panel) 

These covariate effects demonstrate that significant 

“structural advantages” (industry, age, pro halo) exist in show 

outcomes, which is also the starting point difference we hope 

to partially mitigate when designing fair weighting rules in 

Task4.  

7. A New Scoring System Balancing 
Fairness and Entertainment Value 

7.1. Quantification of Structural Advantage 

and "Debiasing" 

Based on the audience model in Section 5.3, we define the 

structural fan advantage for each couple at the start of the 

season:  

Adv𝑖,𝑠 = 𝑥 𝑖,𝑠
⊤ β̂𝐹 + 𝑤̂

𝑑(𝑖,𝑠)

(pro)
 

We first calculate the structural fan advantage θ̂𝑖 for each 

couple, then average by industry, as shown in Table 8. We can 

see that different industries have significant starting point 

differences before the season begins. 

 

Table 8. Structural Fan Advantage by Celebrity Industry 

Celebrity Industry n_couples SA_mean_z SA_sd_z fair_w_mean fair_w_sd 

Social Media Personality 8 -0.901 0.664 1.754 1.018 

Athlete 95 -0.119 0.864 1.012 0.668 

Actor/Actress 128 -0.084 0.907 1.022 0.741 

Singer/Rapper 61 -0.061 0.897 0.977 0.598 

TV Personality 67 0.020 0.928 0.944 0.729 

Comedian 12 0.689 0.637 0.488 0.265 

Model 17 1.202 1.098 0.380 0.330 

To more intuitively demonstrate this structural advantage 

and the role of fair weights, Figure 7 presents the distribution 

of structural fan advantage by industry and the fair weight 

curve: panel (a) shows the overall distribution of θ𝑖 for each 

industry and industry means; panel (b) shows the fair 

reweighting function 𝑤(θ)  and marks the position of each 

industry mean on the curve, with dot color representing 

average weight and area reflecting sample size. 
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Figure 7. Structural Advantage Distribution and Fair Weight Curve 

The larger the value, the more easily the couple gains 

audience favor due to public image, industry background, and 

pro reputation before dancing a single routine. To mitigate 

this initial advantage disparity, we introduce a fair weight 

based on structural advantage [13]:  

ω𝑖,𝑠 = exp(−λ ⋅ Adv𝑖 ,𝑠) , λ ∈ [0,1] 

And use it to perform a "debiasing correction" on the 

audience vote estimates from Task 1:  

𝑝𝑖 ,𝑠,𝑤 =
ω𝑖 ,𝑠 ⋅ 𝑝̂𝑖 ,𝑠,𝑤

∑ ω𝑘,𝑠𝑘∈𝐴𝑠,𝑤
⋅ 𝑝̂𝑘,𝑠,𝑤

 

When λ =  0, no adjustment is made; as λ increases, the 

rule gradually suppresses the voting weight of the "innately 

advantaged group" and raises the marginal vote value of the 

"innately disadvantaged group," making weekly voting closer 

to that week’s performance rather than long-term preference 

for contestants’ public image. 

7.2. Fairness-Adjusted Hybrid Rule (FHR) 

Based on the corrected audience proportion 𝑝𝑖 ,𝑠,𝑤  and the 

original judge proportion 𝑞𝑖 ,𝑠,𝑤 , we propose the Fairness-

adjusted Hybrid Rule (FHR) [13, 14]:  

𝑆𝑖,𝑠,𝑤 = α ⋅ 𝑞𝑖 ,𝑠,𝑤 + (1 − α) ⋅ 𝑝𝑖 ,𝑠,𝑤, 0 < α < 1 

To quantitatively compare "fairness" against 

"entertainment value", we calculated three metrics for three 

rules across all seasons: weekly elimination consistency rate 

𝐸1, finals week rank correlation coefficient 𝐸2 , and champion 

consistency rate 𝐸3 . 

Table 9 summarizes these three metrics.  FHR improves 

both 𝐸2  and 𝐸3  without significantly sacrificing 𝐸1. 

 

Table 9. Performance Comparison of Three Scoring Rules 

Rule 𝐸1 𝐸2 𝐸3 

Percentage Rule 0.774 0.271 0.088 

Rank Rule 0.688 -0.790 0.324 

Fair Hybrid Rule (FHR) 0.162 0.325 0.088 

 

Table 9 summarizes these three metrics. FHR substantially 

improves the finals ranking correlation (𝐸2 ), while reducing 

weekly elimination consistency (𝐸1), reflecting an intentional 

trade-off; its champion consistency (𝐸3 ) remains comparable 

to the baseline percentage rule. 

The Fairness-Adjusted Hybrid Rule (FHR) substantially 

improves the finals ranking correlation ( 𝐸2 = 0.325 ), 

suggesting better alignment with an end-of-season technical 

ordering after debiasing. However, this improvement comes 

at the cost of a much lower weekly elimination consistency 

(𝐸1 = 0.162). This trade-off is expected, as FHR is designed 

as a forward-looking fairness mechanism rather than a rule 

intended to reconstruct historical eliminations. In practice, the 

debiasing strength can be tuned to balance stability and 

fairness according to the show’s priorities. 

Therefore, FHR should be interpreted not as a historical 

reconstruction rule, but as a forward-looking design that 

sacrifices short-term stability to reduce structural bias and 

enhance long-term fairness. 
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Figure 8. Three Rules Comparison (Radar Chart and Scatter Plot) 

Figure 8 intuitively compares the three rules: in the left 

radar chart, the Percentage Rule shape is balanced but 

conservative, the Rank Rule’s champion consistency is 

prominent but technical consistency is severely lacking; FHR 

forms the outermost contour on the 𝐸2   axis, showing its 

advantage in technical fairness, with champion consistency 

direction close to the Percentage Rule. The right scatter plot 

uses 𝐸2  as the horizontal axis and 1 − 𝐸1  as the vertical axis, 

placing the three rules on the "fairness- drama" plane: the 

Rank Rule is in the lower-left corner (neither fair nor exciting), 

the Percentage Rule is in the lower-right corner (fair but 

bland), and FHR clearly falls in the upper-right quadrant, 

closest among the three to the Pareto frontier of "both fair and 

highly entertaining," providing quantitative support for it as 

an improved scoring mechanism. 

7.3. Comparison with Existing Rules and 

Rationale for Adoption 

Based on the same reconstructed audience votes, we 

compare the Percentage Rule, Rank Rule, and FHR under 

identical metrics. The results suggest that each rule 

emphasizes different aspects of the competition. 

The Percentage Rule provides the most stable week-by-

week progression and best matches historical eliminations. 

The Rank Rule tends to amplify judge influence and may lead 

to larger deviations in overall ordering. FHR, while less 

consistent with historical eliminations, improves fairness by 

reducing structural advantages associated with popularity or 

background characteristics. 

Consequently, the choice of rule depends on design 

priorities. If historical consistency is emphasized, the 

Percentage Rule is preferable.  If reducing structural bias and 

enhancing fairness is prioritized, FHR offers a more 

principled alternative. From a mechanism-design perspective, 

FHR provides a transparent and adjustable framework that 

balances technical evaluation and audience participation [14]. 

8. Conclusion 

This paper develops a two-stage inverse modeling 

framework for reconstructing unobserved audience votes in 

Dancing with the Stars. The first stage estimates season-level 

latent fan strength from elimination sequences, while the 

second stage projects the resulting prior vote shares onto rule-

consistent weekly voting allocations. By combining a 

Bradley-Terry-style popularity model with constrained 

optimization, the framework links confidential audience 

behavior to observable judges' scores, elimination records, 

and rule definitions without treating the estimated votes as 

directly observed ground truth. 

The reconstructed votes provide a coherent explanation of 

historical outcomes. Across the 34 seasons considered, the 

model reproduces about 0.770 of weekly eliminations, 

reaches a 0.953 Spearman correlation with final rankings, and 

matches the historical champion in 0.588 of seasons. These 

results suggest that the inferred votes capture meaningful 

season-level audience tendencies, although champion 

outcomes remain more sensitive to small perturbations and 

unmodeled factors than weekly eliminations or final ordering. 

The rule-comparison analysis further indicates that the 

percentage rule is more stable and historically consistent than 

the rank rule. In the cross-season simulation, the percentage 

rule attains a weekly agreement rate of 0.786, compared with 

0.560 under the rank rule, and the two rules diverge in 

approximately 0.407 of elimination weeks. The bottom-two 

mechanism should therefore be used cautiously: it can serve 

as a limited safety valve for extreme discrepancies between 

judges and audiences, but it may also introduce additional 

intervention effects rather than simply correcting 

controversial outcomes. 

Finally, the structural-bias analysis shows why a future 

scoring system should not only reproduce the past. Celebrity 

industry, age, and professional-dancer effects create 

systematic starting advantages in audience support. The 

proposed Fairness-Adjusted Hybrid Rule (FHR) responds to 

this issue by blending judge shares with debiased audience 

shares. Its higher finals rank correlation, 0.325 versus 0.271 

under the baseline percentage rule, should be interpreted as 

evidence of a forward-looking fairness mechanism rather than 

a historical reconstruction rule. The main limitation is that 

audience votes are unobserved, so estimates depend on public 

scores and elimination records. Future work may incorporate 

richer demographic data, social media signals, or official 

voting records if available. 
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